Abstract. Let (R, m) be a Noetherian local ring of dimension d > 0. Let I • = {I n } n∈N be a graded family of m-primary ideals in R. We examine how far off from a polynomial can the length function ℓ R (R/I n ) be asymptotically. More specifically, we show that there exists a constant γ > 0 such that for all n ≥ 0,
Introduction
Let (R, m) be a Noetherian local ring of dimension d > 0. Let I • = {I n } n∈N be a graded family of m-primary ideals in R (that is, I 0 = R and I m I n ⊆ I m+n for all m, n ∈ N). The volume of I • is defined to be vol(I • ) := lim sup
where ℓ R (−) denotes the length function. Classically, if I n = I n , for all n, are powers of a fixed m-primary ideal I then vol(I • ) = e(I) is the well known Hilbert-Samuel multiplicity of I. In recent years, there has been a surge of interest in studying the volume vol(I • ), and particularly the asymptotic behavior of ℓ R (R/I n ), when I • is an arbitrary graded family (cf. [1, 2, 3, 4, 8, 10, 11, 12, 13, 14, 15, 19] ). Under mild assumptions on the ring R, the following statements have been established:
(1) vol(I • ) is an actual limit, i.e., the limit lim n→∞ ℓ R (R/I n ) n d /d! exists; and [16, 17] , in which the asymptotic multiplicity of graded families of algebraic objects was interpreted in terms of the volume of certain cones (the Okounkov body). This method was later developed more systematically by Lazarsfeld and Mustaţǎ [13] and by Kaveh and Khovanskii [12] for graded linear series on projective schemes. In particular, statements (1) and (2) were proved in [13] when R is essentially of finite type over an algebraically closed field k with R/m = k. In a series of papers [1, 2, 3, 4] , Cutkosky used a different approach to extend this result to hold for an arbitrary field k. Specifically, he showed that statement (1) holds for all graded families I • of m-primary ideals in R if and only if the nilradical of the m-adic completion of R has dimension strictly less than d, and statement (2) holds when R is analytically unramifield. As a consequence, it was also deduced (see [3, Corollary 6.3] ) that the epsilon multiplicity of an ideal I, ǫ(I) := lim sup n→∞
, defined by Ulrich and Validashti [19] , existed as an actual limit.
It is known (cf. [3, 5] ) that the volume vol(I • ) in general can be an irrational number. Thus, ℓ R (R/I n ) asymptotically does not behave like a polynomial. Our motivation in this paper is the question of how far off from a polynomial can the function ℓ R (R/I n ) be asymptotically. More precisely, we investigate the growth of the difference function
It was shown in [1, Theorem 4.5] that when R is a regular local ring of dimension d > 0 and I • = {I n } n∈N is a graded filtration (i.e., I n+1 ⊆ I n for all n ∈ N) of m-primary ideals, there exists a constant γ > 0 such that 0 ≤ ℓ R (R/I n+1 ) − ℓ R (R/I n ) < γn d−1 for all n ≥ 0. Our main result extends this to an arbitrary Noetherian local ring. Theorem 1.1 (Theorem 5.1). Let (R, m) be a Noetherian local ring of dimension d > 0. Let I • = {I n } n∈N be an arbitrary graded family of m-primary ideals in R. Then there exists a constant γ > 0 such that for all n ≥ 0, we have
Without the assumption that I • is a filtration, it is no longer true that 0 ≤ ℓ R (R/I n+1 )− ℓ R (R/I n ). In fact, [1, Theorem 4.3] gave an example where
It was also pointed out in [1, Theorem 4.6 ] that there existed a graded filtration I • = {I n } n∈N for which ℓ R (R/I n+1 ) − ℓ R (R/I n ) n d−1 is bounded but does not have a limit when n → ∞. We exhibit in Example 5.3 that the constant γ in Theorem 1.1 may depend on the graded family I • . In Example 5.4 we recall a graded family of ideals given by Cutkosky [2] to show that when dim R = 0 the statement of Theorem 1.1 may fail for n ≫ 0. Hence, the conclusion of Theorem 1.1 is the best of what we can hope for.
To prove Theorem 1.1, we first let q be an m-primary ideal of R generated by a system of parameters (x 1 , . . . , x d ), and pass to the associated graded ring gr q (R). This ring is a graded R/q-algebra generated by the residues of x 1 , . . . , x d in q/q 2 , and thus can be realized as a quotient ring of the polynomial ring A = R/q[X 1 , . . . , X d ]. By using initial ideal theory, we can reduce our problem to the situation when we have a graded family of monomial ideals in A. The statement of Theorem 1.1 is eventually obtained by approximating this graded family of monomial ideals in A with a family of powers of the irrelevant ideal m A of A.
Our paper is outlined as follows. In the next section, we collect notations and terminology used in the paper. In Section 3, we discuss how to pass the problem to the associated graded ring of an m-primary ideal q. Section 4 is devoted to graded families of ideals in a polynomial ring. In this section, we shall obtain a bound for the growth of the length function when the graded family consists of powers of the irrelevant ideal. Our main result, Theorem 1.1 is proved in Section 5.
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Notations and Terminology
We follow standard notations and terminology of [6, 9, 18] . Throughout the paper, N will be the set of non-negative integers, (R, m) will denote a Noetherian local ring of dimension d > 0, and ℓ R (−) will denote the length function. We shall now recall the notion of graded families of ideals, which is the main object of our study.
Our method in proving the main result is to pass to the associated graded ring, so we shall recall this notion and the initial ideal theory for associated graded rings. Definition 2.2. Let I • = {I n } n∈N be a graded filtration of ideals in R.
(1) Let M be an R-module. The associated graded ring of M with respect to I • is defined to be
(2) Let f = 0 be an element in R, and assume that n∈N I n = 0. The initial form of f with respect to I • is defined to be
where s ≥ 0 is the integer such that f ∈ I s \ I s+1 . (3) Let J ⊆ R be an ideal in R, and assume that n∈N I n = 0. The initial ideal of J with respect to I • is defined to be
given by powers of a fixed ideal I in R, we shall use gr I (M), in I (f ) and in I (J) for gr I• (M), in I• (f ) and in I• (J), respectively.
a i , and we shall write X a for the monomial X a 1
We shall also denote by a + 1 the smallest element a ′ ∈ N d such that a ′ is larger than a with respect to ≺ (i.e., X a ′ is the immediate succeeding monomial after X a in the total ordering of the monomials of A).
For a ∈ N d , let A a be the ideal of A generated by monomials {X b | a b}. It is easy to see that the degree lexicographic monomial ordering ≺ on A gives a graded filtration
Notation 2.4. We shall denote by gr ≺ (A) the associated graded ring of A with respect to the filtration
For an A-module M, we shall also define gr ≺ (M) to be
Remark 2.5. Let 0 be the zero vector in N d . We can identify A 0 /A 0+1 with R. Note that each graded component A a /A a+1 of gr ≺ (A) is a free R-module generated by the residue of X a . Thus, there is a canonical map
It can be seen that φ is both a ring isomorphism and an R-module isomorphism.
Definition 2.6. Let J ⊆ A be an ideal. We define the leading ideal of J in gr ≺ (A) to be
and the initial ideal of J in A with respect to ≺ to be in ≺ (J) = φ(ld(J)).
Remark 2.7. Note that in general, the initial ideal in ≺ (J), as we have defined, is not the same as the ideal generated by leading monomials of elements in A (with respect to ≺). This is because the ring R = A 0 is not necessarily a field.
Lengths in Associated Graded Rings
In this section, we shall see how to pass the length function from R-modules to that over the associated graded ring of R with respect to an ideal. Recall that if I ⊆ R is an ideal such that n∈N I n = 0, then for any ideal J ⊆ R, the initial ideal of J with respect to I is defined to be in
where in I (f ) = f + I s+1 ∈ gr I (R) with s ≥ 0 being the integer such that f ∈ I s \ I s+1 . From the definition, it can be seen that
Lemma 3.1. Let I and J be ideals in R. Assume that n∈N I n = 0. Then
Proof. We shall first compute the nth graded component of gr I (R/J). We have
This implies that
Proposition 3.2. Let q and I be m-primary ideals. Then
Proof. Observe that since q and I are m-primary ideals, there exists an integer N so that q N is contained in I. Thus, q N (R/I) = 0. Therefore, we have
where the sums are finite sums. The statement now follows from Lemma 3.1.
Lengths in Polynomial Rings
This section provides important tools to prove our main result, Theorem 1.1. We shall see how the length function of a graded family of ideals behaves when the family consists of monomial ideals in a polynomial ring. Throughout this section, we shall make an additional assumption on the local ring (R, m) that dim R = 0, i.e., R is an Artinian ring. Define ℓ = ℓ R (R) < ∞.
Let A = R[X 1 , ..., X d ] be a polynomial ring over R and let m A = (X 1 , ..., X d ) be its irrelevant ideal. Recall that ≺ denotes the degree lexicographic monomial ordering on A, and for a = (a 1 , . . . , a d ) ∈ N d , we denote by a + 1 the smallest a ′ ∈ N d such that a ′ is larger than a with respect to ≺. Recall also that A a is the A-ideal generated by monomials {X b | a b}, gr ≺ (M) is the associated graded ring of an A-module M with respect to the filtration A • = {A a } a∈N d , and
is the canonical map which is both a ring isomorphism and an R-module isomorphism.
We shall now collect some facts about initial ideals and associated graded rings associated to ideals in A.
Moreover, if J is a monomial ideal then in ≺ (J) = J. (b) There are canonical ring isomorphisms as well as R-module isomorphisms
Proof. (a) By definition, ld(J) is a homogeneous ideal in gr ≺ (A) and
Passing this equality to A via φ we get
Thus, in ≺ (J) is a monomial ideal. Suppose now that J is a monomial ideal, i.e.,
For each a ∈ N d and for every element c ∈ R, we have that 
where the sum is a finite sum, and the last equality follows from part (b).
Observe that for a ∈ N d , we have a surjective R-module homomorphism
It follows that
Therefore, since the sum
is a finite sum, we conclude that ℓ R (A/J) = ℓ R (A/ in ≺ (J)) < ∞.
Finally, for the remaining equality, it can be seen that
The lemma is proved.
The following is key for the proof of our main result, Theorem 1.1. It is also interesting on its own. Proposition 4.2. Let J be a monomial ideal of A such that m N A ⊆ J for some N ∈ N, and let r ∈ N be a positive integer. Then there exists a constant γ > 0, which does not depend on N and r, such that
Proof. It follows from Lemma 4.1.(c) that 
By a similar argument as before, we have
Continuing in this fashion, we obtain a strictly increasing sequence a 0 < a 1 < . . . , where 
Finally, since
is a polynomial of degree d−1 in N +r−1, the last inequality must hold for some sufficiently large constant γ > 0.
Growth of Lengths of Graded Families
In this section, we prove our main result of the paper, Theorem 1.1. Our arguments go along the following line. Consider an m-primary ideal q that is generated by a system of parameters (x 1 , . . . , x d ). Then gr q (R) is a graded R/q-algebra generated by the residues of x 1 , . . . , x d in q/q 2 . Thus, there is a surjective homomorphism A = R/q[X 1 , . . . , X d ] ։ gr q (R) from a polynomial ring over R/q to gr q (R), and we can realize gr q (R) as a quotient ring A/a of A. Note that R/q is of dimension 0. Therefore, by passing the length function to the associated graded ring gr q (R), we are reduced to the situation in Section 4. Our result will then follow from Proposition 4.2.
Theorem 5.1. Let (R, m) be a Noetherian local ring of dimension d > 0, and let I • = {I n } n∈N be an arbitrary graded family of m-primary ideals of R. Then there exists a constant γ > 0 such that for all n ≥ 0, we have
Proof. As we have outlined above, let q be an m-primary ideal of R generated by a system of parameters (x 1 , . . . , x d ), and let A = R/q[X 1 , . . . , X d ] be the polynomial ring such that gr q (R) ∼ = A/a, where a ⊂ A is a homogeneous ideal. Let m A = (X 1 , . . . , X d ) be the irrelevant ideal of A. Note that m A is the maximal ideal of A only when q = m.
Observe that for each n ∈ N, there exists a unique homogeneous ideal J ′ n ⊂ A containing a such that J ′ n /a ∼ = in q (I n ) in gr q (R). Let ≺ be the degree lexicographic monomial ordering in A, and as constructed in Section 2, let J n = in ≺ (J ′ n ). It follows from Lemma 4.1.(a) that J n is a monomial ideal in A for all n ≥ 1.
Observe that since I 1 and q are m-primary ideals, there exists an integer r ∈ N such that q r ⊂ I 1 . We then have
Thus,
Hence, by Proposition 3.2 and Lemma 4.1.(c), we get
Note that q rn ⊂ I n 1 ⊂ I n , and so in q (q rn ) ⊂ in q (I n ). This implies that It is then easy to see that
Hence, the constant γ satisfying the statement of Theorem 5.1 must be at least t d /(d−1)!. This example shows that γ in general may depend on the graded family {I n } n∈N .
Example 5.4. In the proof of [2, Theorem 5.5], Cutkosky gave an example showing that when d = 0 the limit lim n→∞ ℓ R (R/I n ) does not necessarily exist. We shall recall his example to see that when d = 0 the statement of Theorem 5.1 may fail. Let (R, m) be an Artinian local ring for which the nilradical of the m-adic completion of R is not 0. Then, there exists a constant t such that m t = 0 and m t+1 = 0. We inductively define a sequence {i j } j≥1 by setting i 1 = 2 and choosing i j+1 to be an even number strictly larger than 2 j i j for all j ≥ 1. Define τ (n) = 0 if i j ≤ n < i j+1 and j is even 1 if i j ≤ n < i j+1 and j is odd.
Consider the graded family {I n = m t+τ (n) } n∈N . Observe that as n → ∞, γn d−1 = γ n → 0. Thus, in this case, the inequality ℓ R (R/I n+1 ) − ℓ R (R/I n ) < γn
does not hold for n ≫ 0.
